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We numerically study programmable Kerr comb mode-
locked fiber laser based on a nested cavities architecture.
The nested architecture includes an optical resonator as
well as a photonic device used as programmable delay-
line, which allows for controlling the pulse repetition rate
of a passively mode-locked laser over a frequency range
covering the GHz-THz interval. In the proposed approach,
the pulse repetition rate is adjusted based on a temporal
interleaving process, obtained after propagation through
the programmable delay-line structure. Our numerical
study demonstrates how a programmable delay-line can
be leveraged to obtain a highly-tunable Kerr-comb laser
via harmonic mode-locking, featuring the formation of
energy efficient yet reconfigurable laser cavity soliton
pulses. In particular, basic rules are outlined to facilitate
the experimental implementation of such a mode-locked
laser. The proposed laser architecture is expected to thus
provide enhanced versatility for compact and tunable
frequency comb generation.

Broadband and stable optical frequency comb (OFC) are
commonly generated nowadays by mode-locked lasers,
allowing for the emission sub-picosecond pulses with mature
stabilization technics [1]. Passive mode-locked strategies
based on saturable absorber [2], pulse colliding mode-locking
[3] and more recently, microcavities [4] appeared to be
particularly efficient regarding the OFC spectral bandwidth
and pulse repetition rate. Nevertheless, all those solutions
suffer from a lack of tunability, so that different Mode
Locked-Laser (MLL) cavities has to be designed for specific
applications such as dual-comb ranging [5] or direct comb-
based spectroscopy [6]. At the same time, the recent
development of photonic integrated circuits (PICs) allows an
accurate control of the optical path down to the nanometer
scale [7]. This accuracy became highly valuable for the
control of coherent process such as interferometric pattern
obtained by e.g. Mach-Zehnder Interferometer (MZI)
structures. Such integrated approaches already demonstrated

strong potential for pulse reshaping [8] and with direct
applications for nonlinear fiber dynamics control [9] to
quantum signal processing [10]. In this paper, we leverage this
architecture and present a passive fiber MLL based on a
nested cavity configuration for Kerr comb generation,
including a PIC used as Programmable Delay Line (PDL) [11]
which allow a passive repetition rate multiplication by pulse
interleaving operation. The proposed laser architecture is
expected to circumvent the lack of tunability for pulse

repetition rate within passive mode-locking OFC
architectures.
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Fig. 1. (a) Artistical view of a PDL with a unitary delay T, = 1 ps. Each delay-
line are coupled by two MZI used as power splitter. The sequence of voltages
displayed allow the pulse splitting presented on (b). (b) Pulse splitting
operation of an initial 400 fs pulse width (dashed red) into a train of
separated pulse with (red) and without (dark) delay-line losses. The phase
steps induced by the MZI are also shown (dotted red). (c) Transfer function
of an ideal pulse interleaving |H;zq:|% (blue) and the PDL transfer function
|Hppy|*(red) for 1=4 (i.e. Tyep = To/2* in eq. (3)).

The PDL is a PIC formed by two optical paths of different
length (Fig.1a). The shorter is used as reference and the longer
as a delay-line. Those two paths are locally coupled by a set
of March Zehnder Interferometer (MZI), and divided into a
subset of delay-lines, the n" delay-line being related to the
next one by the relationship: 7,4, = 7,/2. The MZI are used



as a variable coupler to control the optical path followed by
each optical pulse oscillating in the laser cavity. When used
with a coupling ratio of 50:50, the PDL interleaves the pulse
train temporally and, eventually, multiples the pulse repetition
rate whenever the delay provided by the PDL relationship
commensurable with the laser cavity period, so that: tpp;, =
Ty /2™ (with T, being the fundamental period of the MLL and
with n € N). In this regime, adjustable harmonic oscillations
become accessible for passive MLL. This approach allows
combining the repetition rate tunability usually obtained by
active MLL with the broadband spectrum typically featured
by passive MLL. In fact, the repetition rate control offered by
the PDL becomes particularly valuable when included in a
Kerr comb MLL within a nested cavities configuration. For
such a structure, the fundamental repetition rate can be chosen
with the length of the high Q-factor resonator, while its
harmonics are obtained by making the length of the PDL
delay lines in the external cavity commensurable with the
resonator one. For a resonator length on the order of cm, this
structure can be considered as a solution able to bridge the gap
between the radiofrequency and the terahertz range (GHz-
THz), and thus can have numerous applications for wireless
systems (6G) and telecommunications beyond the current
standard 4G/IMT [12].
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Fig.2. Scheme of the (realistic) nested cavity setup considered in
simulations: BPF: band-pass filter, EDFA: Erbium Doped Fiber Amplifier, FPR:
Fabry-Pérot Resonator, PDL: Programmable Delay-Line.

The MLL proposed in Fig. 2 is built upon a main fiber
cavity of 20.88 m, yielding a global Free Spectral Range
(FSR) 0f 9.76 MHz and encompassing an EDFA, a band-pass
filter (centered at 1560 nm with 2 nm linewidth), a PDL, and
a Fabry-Perot fiber resonator (FPR) [13]. The FPR, used as
auxiliary cavity, presents an FSR of 976 MHz, with a Full
Width at Half Maximum (FWHM) linewidth of 5 MHz. The
fundamental period of the Kerr-comb laser is thus T, = 1024
ps, and other cavity parameters are summarized on the
supplementary Table.S1, in physical units. The system is
modeled following a mean field method, with the standard
normalization of the Lugiato-Lefever equation [14]. As a
result, we obtain the system of coupled equations (1),
including the impulse response hpp;(¢) of the PDL (where *
stands for convolution product, 1, and Y, respectively the
normalized FPR intra-cavity and fiber ring loop fields):
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The PDL can be modeled as a sequence of transfer functions.
Each MZI, used as variable couplers, can then be modeled as
follow:
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M, is the transfer matrix for a coupler with @ as coupling ratio.
M (V,,) includes the phase difference induced by applying a voltage
V,, onto the n MZI, which can be used to adjust the power splitting
ratio between the two arms of the PDL. V,, represents the particular
voltage for which the two arms of the PDL switch their respective
optical power. Finally, M,, (iw) considers the propagation of each
individual delay-line in the PDL (w being the angular frequency
centered around the optical carrier). The first row represents the
propagation in the short arm of the PDL, while the second row
represents the propagation in the long arm (i.e. the delay-line). Here,
we only consider the additional loss (1,,) and the phase difference
between the two arms (S, ¢ pp1, n being the carrier phase shift the
n™ delay-line and By 1 ppy » its corresponding delay), so that the
transfer function of the short arm is represented by the identity.
Considering a succession of N = 8 delay-lines, the global PDL
transfer function associated with a set of N+1 voltages
{V,}1<n<n+1 to control the optical path along the PDL can then
be written as:
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This transfer function is injected into the mean field equation
system (1). For simplicity, we here only consider two voltage
values: V, for a fully transmitted signal and V/, for a 50:50
splitting ratio between the two arms. As a result, a pulse
interleaving operation results in a succession of Vg,
sequence (for pulse splitting and delay operation), each of
them leading to a decimation of the pulse period by a factor 2,
followed by a set of V; once the required pulse period is
reached (Fig.1a). Noteworthy, each V. /, splitting operation
induces a /2 phase step on the optical carrier and leads to
major discrepancies on the PDL transfer function Tpp; (iw)
compared to a pure delay operation. Considering a pulse



interleaving operation based on a pure delay, the PDL transfer
function can be written as:
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so that the pulse repetition rate at the end of the PDL is divided
by 2! (Tyep = To/ 2Y). In such an ideal case, the PDL acts has
a sinc-like filter in the spectral domain (red line in Fig.lc),
thus providing a clear modal selection enabling MLL
harmonic operation. Yet, in a realistic case, the phase step
imposed by the MZI splitter (see Fig.1b) significantly
deteriorate the PDL modal selectivity, yielding more
restrictive locking conditions to achieve stable lasing
operation. However, while the PDL phase step alter the global
mode-locking dynamics, we had no difficulties to numerically
obtain a steady-state by merely adjusting the cavity gain and
the detuning between the two cavities following the
bifurcation diagram of laser cavity soliton theory [4]. This
shows that despite the apparent complexity of the PDL
transfer function, the stability of the MLL and its capacity to
readily emit laser cavity soliton remain close to a standard
nested cavity architecture.
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Fig. 3. (a) Optical spectrum and (b) temporal intensity of two steady-states
achieved within the programmable MLL. The two steady-states were
achieved based on different sets of PDL voltages: {V,} (blue), {V,} (yellow),
respectively. (c) PDL pulse splitting obtained for {V;} and {V,}, and leading
to an identical minimal delay (7) between successive pulses. (d) Evolution of
the auxiliary intra-cavity energy with the distance of propagation, leading to
the steady-state shown on (a-b).

Recalling that pulse interleaving allows to multiply the
pulse repetition rate at each round trip (Fig.1b) and act as an
optical filter (Fig.lc), whether the delay-line losses are
neglected, we note that identical pulse repetition rate can be
obtained from different PDL configurations when considering
a rational mode-locking approach. In this case, pulse
interleaving is achieved after 2™ round trips instead of a single
one. To illustrate this rational mode-locking behavior, we
consider the simple case of a pulse divided into two delayed
replicas by the n™ PDL interferometer, so that the delay
between the two pulses is T = Ty/2™. In this case, pulse
splitting needs to be repeated 2™ times to meet the
fundamental period of the MLL and reach harmonic

oscillation. The phase condition for the oscillation is achieved
after 2™ cavity round trip, just as the gain condition, recalling
standard rational mode-locking condition for MLL. In our
realistic PDL structure [9], each unit delay is related to the
next by 7,4, = T,/2, so that the steady-state repetition rate
will be fixed by the minimal delay imposed by the PDL
interleaving operation (Fig.3c). Now, considering the
propagation losses induced by each delay-line, the pulse
interleaving operation always split each pulse into a sub-pulse
train of decreasing amplitude. As a result, the actual mode-
locking including the PDL is always achieved after 2™ round
trips. The choice of the PDL settings will then only impact the
spread of the optical power over the fundamental period of the
MLL at each round trip, and thus the gain condition required
to achieve rational mode-locking.

Numerical simulations show that the locking bandwidth
(i.e. the detuning between the main and auxiliary cavities)
increases along with the number of pulse splitting operated by
the PDL (i.e. as the optical power is spread over the
fundamental period). The gain required to achieve stable
oscillation is also reduced. For instance, Fig.2 compares two
MLL steady-state operations with equivalent repetition rate
(frep = 7.81 GHz © 8™ harmonic), but obtained for two
different PDL settings (with yet equivalent minimal delay 7).
We observe that higher intra-cavity power (Fig.2b) and
significant spectral broadening (Fig.2a) can be reached when
the number of PDL pulse splitting increase. In both cases, the
oscillation stability is maintained, and even enhanced for
increased pulse splitting (blue lines in Fig. 2) due to the
presence of a stronger MLL attractor, as attested by a steady-
state reached sooner when the PDL spread efficiently the
optical power over the fundamental period.
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Fig. 4. Optical spectra obtained from the simulation parameters in Table.S1,
for stable LCS excitation at different harmonics (N,) of the MLL.
Corresponding temporal intensity of the LCS Kerr comb for (e) N;, = 16 and
(f) N, = 128.

The maximal harmonic order achievable for such MLL,
depends on the duty cycle of the pulse train generated, that is,
the ratio between the pulse width and the pulse repetition rate:
Tp/Tyep. For Kerr comb MLL, the pulse width is fixed by the
auxiliary cavity chromatic dispersion and the peak power of
each individual pulse [15]. Conversely, the MLL repetition
rate T, is determined by the PDL splitting ratio. To ensure
solitons formation, the duty cycle needs to be small enough to
avoid important soliton tails overlapping. In the latter case,



only type II Kerr combs appear to be achievable [16], and thus
constitutes a limitation to the maximal achievable harmonic
order of the soliton mode-locked cavity. To illustrate these
dynamics, we performed a set of simulations considering the
programmable nested cavity configuration of Fig. 1, including
a Fabry-Pérot Resonator with an FSR of 976 MHz (i.e. T, =
1024 ps) and a main cavity parametrized as detailed in
Supplement 1. The PDL modeled features delays encoded
over a byte, i.e. N = 8 delay-lines, where each delay is related
to the next by the recurrent relationship t,,,; = 7,,/2, with a
unitary delay 7, =4 ps. As a result, each delay is given by
T, = 2"1, and the maximal cumulative delay by T4, =
2N =11, = 1020 ps. In total, 256 different MLL
configurations can be selected for a single cavity, by changing
the set of voltage {V,}1<n<n+1 Of the PDL. The 256
configurations can be sorted by harmonic order N, = 2",
withn € {0, 1, 2,3,4,5,6,7 ,8}, thus ranging from N, = 1 to
N, = 256. Each set of harmonic order is then differentiated
by the pulse splitting operation imposed by the PDL, and thus
the gain condition required to achieve mode-locking. Fig.3
first summarizes the steady-states obtained numerically
considering the cases where a single pulse is split into a
sequence of replicas by the PDL, delayed by T = T /Nj,. The
delay is varied in order to span all the harmonic orders
between N, =2* =16 and N, =27 =128. The Kerr
comb FSR is successfully multiplied from 976 MHz (N, = 1)
to 125 GHz ( N, = 128) with stable operations clearly
attested from the formation of a soliton pulse train (Fig. 3).
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Fig. 5. Optical spectrum (a) and temporal intensity (b) of a type Il Kerr comb
obtained from the simulation parameters in Table.S1 for N, = 256.

We however note that for N, = 28 = 256, the MLL period
becomes too close to the FPR intracavity pulse duration to
ensure stable laser cavity soliton formation (i.e. T, /Trep~1);
only Kerr comb of type II [16] could be obtained in this case
illustrated in Fig.5. To some extent, this behavior may be
mitigated by a suitable dispersion management of both
cavities (in respect to the filter bandwidth), but however
illustrate the limited pulse repetition rate tunability
experimentally achievable for such an architecture.

In summary, we proposed a programmable fiber mode-
locked laser based on a nested cavity configuration for
flexible and reconfigurable Kerr comb generation. We
numerically study and show that a programmable delay line,
included in the main fiber cavity, can be leveraged for
adjustable temporal pulse interleaving operation, so that to
select a desired harmonic oscillation in the cavity.
Specifically, we carefully considered the impact of the MZI
carrier phase steps of the PDL on the modal selection

efficiency and the locking bandwidth of the overall MLL
architecture. Furthermore, we showed that the intrinsic PDL
propagation loss imposes the gain and phase condition
required for the lasing oscillation to be realized over 2™ round
trips, so that to follow a rational mode-locking regime. In such
a case, we reported that rational mode-locking mechanisms
can lead to MLL harmonic oscillations when reaching a
steady-state. Considering realistic experimental parameters
for an integrated PDL [9] and fiber resonator [13], both nested
in the main fiber cavity, we thus demonstrated stable
passively mode-locked operation for the emission of tunable
laser cavity solitons [4]. Besides reporting a proof of concept
for LCS emission management in a flexible and
reconfigurable way, we numerically demonstrate the potential
of such an MLL architecture for the generation of
reconfigurable Kerr combs over the whole GHz range,
potentially up to the THz.
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