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Abstract: Whispering-gallery-mode (WGM) resonators are actively used to sense and size8

nanoparticles. In a typical experimental setup a WGM resonator is placed in a solution to which9

particles to be sensed are also added. The size of the particle is inferred from the changes in the10

spectrum of WGM resonances caused by adsorption of the particle to the resonator’s surface.11

The inference often depends on the assumptions about statistical distribution of the particle12

sizes. We show in this work that the distribution of sizes of the particles actually detected by13

the resonator differs from the distribution of sizes in the total population of the particles. This14

phenomenon, which is currently not being taken into account when interpreting experimental15

data, might distort sizing information extracted from such experiments.16
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1. Introduction18

Whispering gallery modes (WGM) are excitations of axially symmetrical dielectric optical19

resonators (cavities) characterized by long lifetimes and high energy density localized in the20

vicinity of the resonator’s surface [1, 2]. They are usually excited by a tapered fiber or a prism21

and manifest themselves as resonances with very high Q-factors - the values of 106 are easily22

achievable, but Q-factors as high as 1011 have been demonstrated [3]. The high Q-factors and23

the strong concentration of the field of WGM modes in the vicinity of the resonator’s surface24

makes them attractive candidates for sensing applications [4–19]. WGMs are characterized by25

orbital 𝑙, polar 𝑚, and radial 𝑠 quantum numbers defined with respect to a particular coordinate26

system. So-called fundamental WGMs are distinguished by a single maximum of their intensity27

distribution with respect to the polar angle 𝜃 (see Fig. 1) and in the radial direction. In the28

coordinate system with equatorial plane defined by the position of this maximum, fundamental29

WGMs are identified by 𝑚 = 𝑙 and 𝑠 = 1. In this work we assume for concreteness that we deal30

with a fundamental WGM. The field of WGM resonator sensing was pioneered in 2002 paper31

by Vollmer et al [5], and the single protein detection using WGM resonators was first proposed32

by Arnold et al in Ref. [4]. The main idea of WGM-based detection mechanism is that a small33

particle adsorbed on the surface of a resonator will shift (and sometimes split [11, 20–22]) the34

frequencies of the resonances. The magnitude of the shift (or split) can be used to infer the35

size of the detected particle. The theoretical foundation for such inference in the “shift” mode36

was first proposed in Ref. [23] using a perturbation theory, and then extended in the form of the37

so-called Reactive Sensing Mechanism (RSM) in Ref. [24]. The RSM since then has become an38

approach of choice for the interpretation of many sensing experiments conducting by different39

groups [7–10,17, 25, 26]. An attempt to improve RSM to take into account the finite size of the40

particles more accurately using an improved perturbation approach was undertaken in Ref. [27].41

The splitting regime was first theoretically considered by Mazzei et al in Ref. [20] on the basis42

of a model involving particle induced interaction between two degenerate counter-propagating43

WGMs. The interaction removes the degeneracy resulting in two resonance peaks instead of one44
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Fig. 1. The spherical coordinate system with an equator defined by the circle of the
maximum values of the intensity of the excited mode in the azimuthal and radial
directions.

shifted peak. The splitting of WGM resonances has also been used in several papers for sensing45

and sizing of nanoparticles [11–15,21, 22].46

In Refs. [28, 29] the multi-particle Mie theory in combination with the dipole approximation47

for the field of the particle was used to develop an ab initio theory of interaction between WGMs48

of a spherical resonator and a nanoparticle, and in Ref. [30] similar approach was applied to49

the two-dimensional disk resonators. However, comparison with experimental results showed50

that the spherical approximation cannot be applied to a majority of sensing experiments with51

nominally spherical resonators because even small (on the order of 1%) deviation from the ideal52

spherical shape is significant in the context of the interaction with nanoparticles. (The spherical53

approximation might be applicable to recent experiments with levitating droplet resonators [31],54

where resonators with a very small deviation from spherical shape were demonstrated.) The55

theory of Refs. [28,29] has been extended in Ref. [32] to weakly spheroidal resonators. Results of56

this work, which provided a justification for the model of the particle-induced coupling between57

counter-propagating WGMs of Ref. [20] while revealing its limitations, showed a very good58

agreement with experimental results of Refs. [21, 22]. One of the important results of the ab59

initio approach was demonstration of the emergence of the “shift” regime of the WGM-particle60

interaction from the splitting regime as a result of the overlap of the split peaks either due to61

decrease of the particle size or increase of the width of the affected resonances. This phenomenon62

was more fully investigated in subsequent work, Ref. [33], where the theory of Ref. [32] was63

applied to the case of ultra-small particles and the process of formation of the single shifted peak64

from two overlapping split peaks was explicitly demonstrated. These results showed the limits65

of the RSM empiric formula and allowed to expand its applicability beyond the uniform field66

approximation on which RSM is based.67

In this regard, it needs to be pointed out that the dipole approximation used in Refs. [28,30,32,33]68

is not equivalent to the uniform field approximation. While the latter requires that 𝑘0𝑛𝑝𝑅𝑝 ≪ 1,69

where 𝑘0 is the vacuum wave number at the resonance, 𝑛𝑝 and 𝑅𝑝 are refractive index and70

the radius of the particle respectively, the former only requires that the contributions from the71

multipoles with polar number 𝑙 > 1 and the magneto-dipole terms remain smaller than the72

electro-dipole contribution with 𝑙 = 1. This is a much less stringent requirement and the dipole73

approximation was shown to remain valid even when 𝑘0𝑛𝑝𝑅𝑝 ∼ 1. Therefore, the results for the74



frequency shift derived in Ref. [33] do not require any corrections in the form of a heuristic form75

factor used in Ref. [10] to extend the validity of RSM beyond the uniform field approximation.76

2. Motivation for this work77

In the end of Ref. [33] its authors noted that while predictions of that work were in a very78

good agreement with experimental results of Ref. [6], they deviate by about a factor of 2.579

from data listed in Ref. [10] dealing with larger particles. The situation appeared even more80

mysterious when it was noticed that the experimental data can be reproduced by replacing the81

dipole approximation with the uniform field approximation. The problem with such a replacement82

was, of course, that for the sizes of particles used in Ref. [10] parameter 𝑘0𝑛𝑝𝑅𝑝 ≈ 2 and the83

uniform field approximation is definitely not valid in this case.84

A typical setup of the experiments similar to the one described in Ref. [10] consists in placing a85

WGM resonator inside a solution containing nanoparticles to be sensed and sized. One (or several)86

WGM modes are excited in the resonator and once a particle is adsorbed on the resonator’s87

surface, the shift (or splitting) of the spectral line of the resonator is observed. The size of the88

particle is then inferred from the magnitude of the spectral change using a preferred theoretical89

model.90

There are two fundamental problems that an experimentalist faces in this situation. First, the91

spectral response of the resonator significantly depends on the landing point of the particle on the92

resonator’s surface - particles landing around the equator, where the field of the excited WGM93

is the strongest, generate stronger spectral effects than particles landing further away from the94

equator. At the same time the actual landing point of each particle is not known. The second95

problem is that to be useful the relation between the spectral effects and the size of the particles96

must be verified and calibrated using particles of known sizes. However, the exact sizes of97

adsorbed particles used for calibration/verification are not known. All what is normally known is98

the mean value and the standard deviation for the ensemble of particles used in the experiment.99

The first problem is usually solved by repeating the experiment multiple times and selecting100

the adsorption event resulting in the largest spectral shift, which allows to assume that this shift101

was caused by a particle landed in the proximity of the equator. The second problem is “solved”102

by comparing the particle sizes inferred from the spectral shifts using one’s favorite theoretical103

model with the mean value of the particles in the solution, and if the predicted particle’s size lies104

within one standard deviation from this mean it is declared that the theoretical formula is verified105

and can be used to determine unknown sizes of the particles. Authors of Ref. [10] suggested an106

improved solution to the first of these problems based upon using high-order polar WGMs, but107

its veracity is also based upon the assumption about statistical distribution of particle sizes.108

In this work we point out that the tacit assumption that the distribution of sizes of the adsorbed109

particles is exactly the same as the distribution of the particles placed in the solution is not110

actually correct. Indeed, the motion of the particles in the aqueous medium is not exactly random111

and is subjected to the attractive optical force, which significantly increases the likelihood of the112

adsorption event and decreases the waiting time for it to occur. But it also makes the motion113

of the particle toward the resonator dependent on its size. In this work we explicitly study the114

size dependence of the time it takes for a particle to land on the resonator and compare the115

actual distribution of the sizes of the adsorbed particle with the size distribution in the general116

population of the particles. Our results show that larger particles reach the resonator faster, and117

that distribution of the adsorbed particle’s sizes is, therefore, skewed toward larger particles.118

One can identify two effects responsible for this phenomenon: the dynamical effect arising119

because the acceleration of the particles, and, hence, the time of travel toward the resonator is120

size dependent, and geometrical (or kinematic) effect due to the simple fact that larger particles121

need to travel shorter distance to get adsorbed. Both these effects skew the distribution toward122

particles with larger sizes, which means that the sizes of particles predicted by RSM are actually123



smaller than the average size of the adsorbed particles in agreement with the observation made124

in Ref. [33]. Apparently, this phenomenon needs to be taken into account when choosing a125

theoretical model to infer particle sizes from the spectral shifts in the sensing experiments, when126

the sensed particles are randomly selected by combination of diffusion and optical forcing.127

3. Simulation results128

3.1. Main assumptions129

A full simulation of diffusion of a particle under the action of optical force would require solving130

the following equation131

𝑀
𝑑2𝒓

𝑑𝑡2
= 𝑭𝑜𝑝𝑡 − 𝛾𝒗 + 𝝃 (𝑡), (1)

where 𝑀 is the particle’s mass, 𝑭𝑜𝑝𝑡 is the combination of all optical forces, the second term on132

the r.h.s represents a damping force due to viscosity of the medium, and the last term is the random133

Langevin force. The random force can be simulated by introducing random changes of particle’s134

momentum distributed according to fluctuation-dissipation theorem, while the motion during135

some characteristic time △𝑡 between the collisions is described by the deterministic version of136

Eq. 1 with the Langevin term omitted. However, this approach requires significant computational137

resources while its results depend on the choice of a not very well defined parameter Δ𝑡 (or even138

the distribution function of such times). For the modest goals pursued in this work simplified139

approach appears to be warranted. We chose to ignore the Langevin force altogether, and compute140

the motion of the particles with randomly chosen initial velocities and initial positions taking into141

account only the optical and damping forces. Essentially, what we are simulating here is the last142

step of the particle’s motion before it touches the resonator. Strictly speaking, the distribution of143

particle’s velocities in this case is no longer the regular thermal Maxwell distribution, since it144

has already been affected by the optical force. However, since the optical force decreases rather145

fast with the distance from the resonator, the deviation of the velocity distribution of particles146

from Maxwell form shall not be too strong. It would increase the probability of the particle’s147

velocity to be directed toward the resonator rather than away from it, and we can incorporate148

such a tendency qualitatively by discarding initial velocities with radial components (as defined149

in the spherical coordinate system centered at the resonator) pointed away from the resonator. To150

elucidate the effects of such selection we carried out our calculation with and without it.151

When calculating the optical force we also neglect the modification of the resonator’s optical152

field due to the presence of the particle. This effect, which was carefully studied in Refs. [34,35],153

is significant only at rather small distances between particles and resonator, and does not154

significantly affect the timing till adsorption, and, hence, our results1. Therefore, we compute the155

optical forces using the standard expression for the force on a polarizable dipole156

𝑭 =
1
4
𝑅𝑒 [𝛼] ∇ |𝑬 (𝒓) |2 + 1

2
𝐼𝑚 [𝛼] (𝜔𝑅𝑒 [𝑬∗ (r) × 𝑩(r)] + 𝐼𝑚 [(𝑬∗ (r) · ∇) 𝑬 (r)]) , (2)

where 𝜔 is the frequency of the electromagnetic field, E and B are complex amplitudes of the157

electric and magnetic fields in the frequency domain, and 𝛼 is the complex polarizability of158

particle of radius 𝑅𝑝 with refractive index 𝑛𝑝 placed in the medium with refractive index 𝑛𝑚.159

1It might be significant in the situations when a particle is captured by the resonator’s field into an orbital motion
around it observed in Ref. [25], but we do not deal with such situations here.



The real and imaginary parts of the polarizability are given by160

𝑅𝑒 [𝛼] = 4𝜋𝜀0𝑅
3
𝑝

𝑛2
𝑝 − 𝑛2

𝑚

𝑛2
𝑝 + 2𝑛2

𝑚

, (3)

𝐼𝑚 [𝛼] =
8𝜋𝜀0

3
𝑘3

0𝑅
6
𝑝

(
𝑛2
𝑝 − 𝑛2

𝑚

𝑛2
𝑝 + 2𝑛2

𝑚

)2

, (4)

where 𝑘0 is the vacuum wave number and 𝜀0 is the permittivity of vacuum in SI system of units.161

The term proportional to the real part of the polarizability in Eq. 2 is the so-called gradient162

force, which is conservative in nature and pushes the particle toward regions with greater field163

intensity (assuming that 𝑛𝑝 > 𝑛𝑚), while the term proportional to 𝐼𝑚 [𝛼] describes the dissipative164

scattering force. Electric and magnetic fields in Eq. 2 are those of whispering gallery modes165

excited in the resonator. If the exciting field is tuned exactly to the resonance of one of the166

resonator’s modes, we can assume that 𝑬 and 𝑩 are described by corresponding vector spherical167

harmonics (VSH) [36] - the solutions of vector wave equation in spherical coordinates. Since we168

assumed that the excited mode is fundamental, we will consider VSHs with 𝑚 = 𝑙.169

Assuming also that the excited mode is of so-called TE polarization (electric field is everywhere170

tangential to the surface of the resonator), we present the electric field as171

𝑬 (𝑟, 𝜃, 𝜑) = 𝑬0𝑴
(3)
𝑙,𝑙

(𝑟, 𝜃, 𝜑), (5)

where 𝑴 (3)
𝑙,𝑙

(𝑟, 𝜃, 𝜑) is VSHs of TE polarization defined in Ref. [36], and the upper index (3)172

indicates that the radial dependence of the field is given by Hankel functions. The explicit173

expressions for the VSH can be found in the Appendix. Substituting Eq. 5 in Eq. 2 (magnetic174

field is found from the regular Maxwell equation), we present the optical force acting on the175

particle in the following form176

𝑭𝑜𝑝𝑡 =
𝑅3
𝑝

𝑅3 𝛬(𝑙, 𝑛𝑚, 𝑛𝑝)
[
𝒇 (𝑔𝑟 ) (𝑟, 𝜃, 𝑙) +

𝑅3
𝑝

𝑅3 𝒇 (𝑠𝑐) (𝑟, 𝜃, 𝑙)
]
. (6)

Parameter 𝛬(𝑙, 𝑛𝑚, 𝑛𝑝), where 𝑛𝑚 and 𝑛𝑝 are refractive indexes of the medium outside of the177

resonator and particles, respectively, gives the maximum value of the radial component of178

gradient part of the optical force corresponding to the radial coordinate of the center of the179

particle equal to the radius of the resonator 𝑅: 𝑟 = 𝑅, and the polar angle to the equatorial180

position: 𝜃 = 𝜋/2. It is defined by the expression:181

𝛬(𝑙, 𝑛𝑚, 𝑛𝑝) =
𝑛𝑚𝑘0

2
𝜀0𝐸

2
0𝑅

3 𝑛2
𝑝 − 𝑛2

𝑚

𝑛2
𝑝 + 2𝑛2

𝑚

(2𝑙 + 1) 𝑙 (2𝑙 − 1)!!
(𝑙 + 1) 2𝑙𝑙!

×[
𝑗𝑙 (𝑛𝑚𝑥𝑟 ) 𝑗 ′𝑙 (𝑛𝑚𝑥𝑟 ) + 𝑦𝑙 (𝑛𝑚𝑥𝑟 )𝑦′𝑙 (𝑛𝑚𝑥𝑟 )

]
, (7)

where 𝑗𝑙 (𝑥) and 𝑦𝑙 (𝑥) are spherical Bessel functions of the 1st and 2nd kind correspondingly,182

and the prime indicates differentiation with respect to the entire argument. We also introduced183

here a dimensionless size parameter 𝑥𝑟 defined as 𝑥𝑟 = 𝑘0𝑅. Vectors 𝒇 (𝑔𝑟 ) and 𝒇 (𝑠𝑐) in Eq. 6184

are dimensionless gradient and scattering forces accordingly dependent on polar angle 𝜃 and185

particle’s radial coordinate 𝑟 . Expressions for components of 𝒇 (𝑔𝑟 ) and 𝒇 (𝑠𝑐) are presented in the186

Appendix. The important point, which needs to be made now, is that these vectors do not depend187

upon particle’s sizes, so the entire size dependence of the gradient force is given by the factor188

𝑅3
𝑝/𝑅3 in Eq. 6 while the scattering force has an additional 𝑅3

𝑝/𝑅3 factor making it dependent189



on the square of the volume. Assuming that the whispering gallery mode is excited by delivering190

the optical power 𝑃 via a fiber of diameter 𝑑, Eq. 7 can be rewritten as191

𝛬(𝑙, 𝑛𝑚, 𝑛𝑝) =
4𝑃
𝑐𝜋𝑑2 𝑛𝑚𝑘0𝑅

3 𝑛2
𝑝 − 𝑛2

𝑚

𝑛2
𝑝 + 2𝑛2

𝑚

(2𝑙 + 1) 𝑙 (2𝑙 − 1)!!
(𝑙 + 1) 2𝑙𝑙!

×[
𝑗𝑙 (𝑛𝑚𝑥𝑟 ) 𝑗 ′𝑙 (𝑛𝑚𝑥𝑟 ) + 𝑦𝑙 (𝑛𝑚𝑥𝑟 )𝑦′𝑙 (𝑛𝑚𝑥𝑟 )

]
. (8)

The coefficient 𝛾 of the damping force in Eq. 1 is determined by the Stokes law as192

𝛾 = 6𝜋𝜂𝑅𝑝 , (9)

where 𝜂 is viscosity of the medium containing the particles. Thus, the acceleration of the particles193

as they move toward the resonator is determined by three factors: acceleration due to gradient194

optical force is size independent, acceleration due to scattering optical force scales as 𝑅3
𝑝 , while195

the acceleration due to the damping force scales as 𝑅−2
𝑝 . It seems reasonable to assume, therefore,196

that the larger particles shall reach the resonator faster resulting in skewing the size distribution197

of the adsorbed particles toward larger sizes.198

3.2. Numerical results for size distribution of the adsorbed particles199

It is convenient to rewrite Eq. 1 introducing dimensionless position vector 𝒖 = 𝑘0𝒓 and200

dimensionless time 𝑡 = 𝑡/𝜏, where the time scale 𝜏 is defined as201

𝜏 =

√︄
𝑀𝑅3

𝑘0𝑅
3
𝑝𝛬(𝑙, 𝑛𝑚, 𝑛𝑝)

=

√︄
4𝜋𝜌𝑝𝑅

4

3𝑥𝑟𝛬(𝑙, 𝑛𝑚, 𝑛𝑝)
,

where 𝜌𝑝 is the density of the material of the particles (polystyrene) assumed to have a spherical202

form. Then Eq. 1 can be rewritten in a dimensionless form (omitting the random force)203

𝑑2𝒖

𝑑𝑡2
= 𝒇 (𝑔𝑟 ) (𝑟, 𝜃, 𝑙) +

𝑅3
𝑝

𝑅3 𝒇 (𝑠𝑐) (𝑟, 𝜃, 𝑙) −
𝑅̄2
𝑝

𝑅2
𝑝

𝛾̃
𝑑𝒖

𝑑𝑡
. (10)

Dimensionless damping parameter 𝛾̃ is defined as204

𝛾̃ =
9𝜂𝜏

2𝜌𝑝 𝑅̄
2
𝑝

, (11)

where we used Stokes law, Eq. 9 and introduce average particle’s radius 𝑅̄𝑝. It is important to205

note that the time scale 𝜏 does not depend on the particle’s size, and, therefore, remains the same206

for every particle with a randomly generated radius. The dimensionless damping parameter,207

however, indeed scales as 𝑅−2
𝑝 weakening the damping force for larger particles.208

It is convenient to solve Eq. 11 using representation of all vectors in terms of their spherical209

components. Writing the position vector 𝒖 as 𝒖 = 𝑥𝒆𝑟 , where 𝑥 = 𝑘0𝑟 is the dimensionless radial210

coordinate of the particle, we can rewrite Eq. 11 as the following system211

𝑑2𝑥

𝑑𝑡2
− 𝑥

(
𝑑𝜃

𝑑𝑡

)2
cos2 𝜑 − 𝑥

(
𝑑𝜑

𝑑𝑡

)2
= 𝑓

(𝑔𝑟 )
𝑟 +

𝑅3
𝑝

𝑅3 𝑓
(𝑠𝑐)
𝑟 −

𝑅̄2
𝑝

𝑅2
𝑝

𝛾̃
𝑑𝑥

𝑑𝑡

2
𝑑𝑥

𝑑𝑡

𝑑𝜃

𝑑𝑡
cos 𝜑 + 𝑥

𝑑2𝜃

𝑑𝑡2
cos 𝜑 − 2𝑥

𝑑𝜃

𝑑𝑡

𝑑𝜑

𝑑𝑡
sin 𝜑 = 𝑓

(𝑔𝑟 )
𝜃

+
𝑅3
𝑝

𝑅3 𝑓
(𝑠𝑐)
𝜃

−
𝑅̄2
𝑝

𝑅2
𝑝

𝛾̃𝑥
𝑑𝜃

𝑑𝑡
cos 𝜑, (12)

2
𝑑𝑥

𝑑𝑡

𝑑𝜑

𝑑𝑡
+ 𝑥

(
𝑑𝜑

𝑑𝑡

)2
sin 𝜑 cos 𝜑 + 𝑥

𝑑2𝜑

𝑑𝑡2
= 𝑓

(𝑔𝑟 )
𝜑 +

𝑅3
𝑝

𝑅3 𝑓
(𝑠𝑐)
𝜑 −

𝑅̄2
𝑝

𝑅2
𝑝

𝛾̃𝑥
𝑑𝜑

𝑑𝑡
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Fig. 2. Dependence of the time to adsorption upon particle’s radius for the same initial
conditions.

where sub-indexes 𝑟, 𝜃, 𝜑 refer to the corresponding components of the respective vectors.212

The experiments that we intend to simulate, use whispering gallery modes with large orbital213

numbers 𝑙 ∼ 700. In our calculations we use much smaller 𝑙 = 40, which doesn’t affect the214

main conclusions of the work while significantly simplifying computation of Bessel functions.215

However, in order to maintain a realistic balance between optical and damping forces, we have to216

adjust the value of viscosity 𝜂 to compensate for the significantly decreased magnitude of the217

optical forces at smaller 𝑙. To find the appropriate value of 𝜂 we first compute “characteristic”218

damping force defined as219

𝑓
(𝑑𝑎𝑚𝑝)
𝑙

= 𝛾̃𝑣𝑟𝑠𝑡 ,

where 𝑣𝑟𝑠𝑡 is dimensionless root-mean-square force of particles in the solution:220

𝑣𝑟𝑠𝑡 =

√︄
2𝑘𝐵𝑇𝑥𝑟

3𝜋𝛬(𝑙, 𝑛𝑚, 𝑛𝑝)
𝑅2

𝑅̄3
𝑝

,

where 𝑘𝐵 is the Boltzmann constant, for 𝑙 = 720 and the corresponding value of the size221

parameter 𝑥𝑟 using the actual value of the viscosity of water at room temperature. Then we222

repeat these calculations for 𝑙 = 40, and choose the adjusted value of the viscosity to ensure223

that 𝑓
(𝑑𝑎𝑚𝑝)

720 = 𝑓
(𝑑𝑎𝑚𝑝)

40 . The goal of our simulations is to establish the distribution of the224

sizes of the particles which first reach the surface of the resonator. To this end we generate an225

ensemble of 100 particles, compute the time until the radial coordinate of the particle becomes226

𝑥 ≤ 𝑥𝑟 + 𝑘0𝑅𝑝, and record the size of the particle that takes the least time to “touch” the227

surface of the resonator, and the angular coordinates of the “adsorption” site. We repeat these228

calculations 10,000 times and built the histogram showing the size distribution of the adsorbed229

particles. The sizes of the particles in the original distribution are chosen randomly from a230

uniform distribution with mean 𝑅̄𝑝 = 0.75𝜇𝑚 and standard deviation 𝜎𝑝 = 0.0375𝜇𝑚, and the231

particles are placed at randomly chosen initial positions within a spherical ring surrounding the232

resonator. The radius of the resonator in these calculations was chosen to be 56𝜇𝑚, which is given233

only for comparison with the sizes of adsorbed nanoparticles. The only essential characteristic234

of the resonator, which is needed for the calculations, is the size parameter 𝑥𝑟 . To elucidate235

the effect of the choice of the region of the initial positions on the results of our simulations,236

we carried out our calculations with three different regions defined by the radius of their inner237

and outer spherical surfaces. Using dimensionless radial coordinate these three regions are238
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Fig. 3. First row left: uniform size distribution of the generated random ensemble of
the particles. The rest of graphs show the size distribution of the particles that were
first adsorbed to the resonator’s surface with initial positions drawn from three different
regions.

defined as: 𝑥𝑟 + 1.5𝑘0 𝑅̄𝑝 < 𝑥𝑖𝑛 < 𝑥𝑟 + 3.5𝑘0 𝑅̄𝑝, 𝑥𝑟 + 1.5𝑘0 𝑅̄𝑝 < 𝑥𝑖𝑛 < 𝑥𝑟 + 5.5𝑘0 𝑅̄𝑝, and239

𝑥𝑟 + 2.5𝑘0 𝑅̄𝑝 < 𝑥𝑖𝑛 < 𝑥𝑟 + 5.5𝑘0 𝑅̄𝑝, where 𝑥𝑖𝑛 is the dimensionless radial coordinate of the240

initial position of a particle, and 𝑅̄𝑝 is the mean value of particle’s radiuses. The initial velocities241

of the particles are chosen from Maxwell distribution corresponding to the room temperature. To242

estimate the significance of the effect of the possible deviation in the velocity distribution from243

Maxwell form due to optical forcing during the preceding steps of particle’s motion, mentioned244

in Section 1, we carried our the calculations with and without rejection of the initial velocities245

directed away from the resonator. The refractive indexes of the particles and of the aqueous246

medium were chosen to be 𝑛𝑝 = 1.572, and 𝑛𝑚 = 1.326 respectively.247

We begin presenting our results with Fig. 2, which depicts the dependence of the time it takes a248

particle to reach the surface of the resonator upon its radius for particles with same initial position249

and the same initial velocity. This calculation confirms the assumption that particles with larger250

diameters reach the resonator faster. To illustrate that this effect is indeed results in skewing251

the size distribution of the adsorbed particles we present Fig. 3, which shows the histograms of252

particle’s sizes that were the first to reach the resonator for three different initial regions together253

with the distribution of the particle’s sizes in the solution. Two main conclusions can be drawn254

from these graphs. First, the actual size distribution of the adsorbed particles is strongly skewed255

toward particles of larger sizes compared to the uniform distribution for the general population of256

the particles in the solution, and second, the skewing phenomenon persists for all studied regions257

of particles’ initial positions. One can conclude, therefore, that the deviation of the distribution258

from uniform is likely a real and general phenomenon, which, of course, is also confirmed by the259

size dependence of the particles’ travel time (Fig. 2).260



Fig. 4. Distribution of the mean sizes in the sample of 100 particles drawn from a
uniform distribution. The dotted line is a fit of the empirical distribution by a Gaussian
function, and the vertical lines correspond to the mean radii of the first to get adsorbed
particles in each sample for different regions of the initial particles’ coordinates.

In order to further quantify and verify the statistical significance of the deviation of the261

observed histogram from the uniform distribution, we run statistical test using the assumption262

of the uniform distribution as a null-hypothesis and the mean size as a test statistics. If the263

distribution of the particle sizes were uniform, the distribution of the averages sizes in 10,000264

batches of 100 particle ensembles would have to obey the Bates distribution, which for the large265

sample size is close to normal. We constructed the distribution of the mean sizes in our ensemble266

of 10,000 means computed for the groups of 100 particles, which is indeed resemble the expected267

normal distribution and compared it with the mean sizes of the particles landed on the resonator268

for several regions of particle’s initial coordinates. (Fig. 4). The latter are presented by vertical269

lines, and the numbers next to these lines signify the lower boundary of the region of the initial270

positions of the particles in terms of their mean radius (the thickness of the spherical layer in271

cases was equal to 2𝑘0 𝑅̄𝑝). For all initial regions the mean sizes of the adsorbed particles lie so272

far at the tail of the Bates distribution that we were unable to estimate the p-value of the test using273

the histogram of the averages - there were simply no available average values in the simulated274

ensemble. One can also notice that with increase of the region of the initial positions, the average275

size of the adsorbed particles is moving further to the right. This phenomenon can be understood276

by noting that the travel time to the surface of the resonator decreases with increasing size of the277

particle (see Fig. 2), so that the farther the initial position of a particle is the more likely it is for a278

larger particle to arrive earlier. These results allows us to reject the null hypothesis with great279

confidence and conclude that the distribution of the sizes of the adsorbed particles is strongly280

skewed toward larger sizes, so that the average size of the adsorbed particles is significantly larger281

than the average of the particles in the solution.282

As a byproduct of our simulations we recorded the angular (𝜃) coordinate of the landing283

points of the adsorbed particles. The distributions of this angular coordinate for different regions284

of particle’s initial positions are shown in Fig. 5. The plots in the first row show expected285

bell-shaped distribution of the landing points corresponding to the Gaussian angular distribution286

of the intensity of the field of a fundamental WGM. However, the graph in the second row of this287

figure revealed an unexpected phenomenon - a bimodal distribution of the landing coordinates288

for particles with initial coordinates farther away from the resonator. This phenomenon reflects289
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Fig. 5. The distributions of the landing angles for different regions of the initial
positions: first raw corresponds to initial radial coordinates lying between 1.5𝑘0 𝑅̄𝑝

and 3.5𝑘0 𝑅̄𝑝 (left) and 1.5𝑘0 𝑅̄𝑝 and 5.5𝑘0 𝑅̄𝑝 (right). The graph in the second raw
corresponds to the initial positions between 2.5𝑘0 𝑅̄𝑝 and 5.5𝑘0 𝑅̄𝑝

the increased role of the scattering optical force for remote particles, which is not governed by290

the maximum of the intensity of the field.291

4. Conclusion292

In this work we simulated typical sensing experiments, in which the size of the particle adsorbed293

to a resonator’s surface from a solution is determined based on the shift (or splitting) of a294

spectral line of a whispering-gallery-mode resonator. Our simulations demonstrate that the295

main assumption used for interpretation of the results of such experiments, namely that the size296

distribution of the adsorbed particles is the same as the initial size distribution of the particles in297

the solution, is incorrect. We found that the particles with larger diameters are more likely to298

reach the resonator first, and, therefore, the size distribution of the adsorbed particles is skewed299

toward larger sizes. This effect needs to be taken into account when validating theoretical models300

used to infer particle’s size from the spectral shifts. In particular, this effect might explain the301

results of Ref. [33], which predicted particle sizes larger than the average size of the particles302

used in experiment of Ref. [10].303

Appendix304

Vector Spherical Harmonics305

In this work we follow the definition of Vector Spherical Harmonics 𝑴 (3)
𝑚,𝑙

(𝑟, 𝜃, 𝜑) presented in306

Ref. [36]:307

𝑴 (3)
𝑚,𝑙

(𝑟, 𝜃, 𝜑) = 𝛾𝑚,𝑙𝑪𝑚,𝑙 (𝜃, 𝜑) ℎ (1)𝑙
(𝑘𝑟),



where308

𝛾𝑚,𝑙 =

√︄
(2𝑙 + 1) (𝑙 − 𝑚)!

4𝜋𝑙 (𝑙 + 1) (𝑙 + 𝑚)! ,

𝑪𝑚,𝑙 (𝜃, 𝜑) =
[
𝒆𝜃

𝑖𝑚

sin 𝜃
𝑃𝑚
𝑙 (cos 𝜃) − 𝒆𝜑

𝑑

𝑑𝜃
𝑃𝑚
𝑙 (cos 𝜃)

]
𝑒𝑖𝑚𝜑 ,

and ℎ
(1)
𝑙

(𝑘𝑟) is the spherical Hankel function of the 1st kind. This spherical harmonic describes309

an electric field of TE polarization (no radial component). 𝒆𝜃 and 𝒆𝜑 are unit vectors of the310

spherical coordinate system representing azimuthal and polar directions correspondingly. The311

spherical harmonics 𝑵𝑚,𝑙 (𝑟, 𝜃, 𝜑) that describe the electric field of TM polarization (in this case312

the magnetic field has no radial component) are defined as 𝑵𝑚,𝑙 (𝑟, 𝜃, 𝜑) = ∇×𝑴𝑚,𝑙 (𝑟, 𝜃, 𝜑) /𝑘 ,313

but we did not use these VSHs in our calculations.314

Optical forces315

Here we provide readers with expressions for the different components of the optical force used316

in our simulations. This force can be divided into the gradient and scattering parts, the first being317

conservative, and the second dissipative. The spherical components of the gradient force are318

given as:319

radial:320

𝑓
(𝑔𝑟 )
𝑟 = sin2𝑙−2 𝜃

(
1 + cos2 𝜃

) 𝑗𝑙 (𝑛𝑚𝑥) 𝑗 ′𝑙 (𝑛𝑚𝑥) + 𝑦𝑙 (𝑛𝑚𝑥)𝑦′𝑙 (𝑛𝑚𝑥)
𝑗𝑙 (𝑛𝑚𝑥𝑟 ) 𝑗 ′𝑙 (𝑛𝑚𝑥𝑟 ) + 𝑦𝑙 (𝑛𝑚𝑥𝑟 )𝑦′𝑙 (𝑛𝑚𝑥𝑟 )

(13)

azimuthal :321

𝑓
(𝑔𝑟 )
𝜃

= sin2𝑙−3 𝜃
(
(𝑙 − 1)

(
1 + cos2 𝜃

)
− sin2 𝜃 cos 𝜃

)
×

𝑗2
𝑙
(𝑛𝑚𝑥) + 𝑦2

𝑙
(𝑛𝑚𝑥)

𝑛𝑚𝑥
[
𝑗𝑙 (𝑛𝑚𝑥𝑟 ) 𝑗 ′𝑙 (𝑛𝑚𝑥𝑟 ) + 𝑦𝑙 (𝑛𝑚𝑥𝑟 )𝑦′𝑙 (𝑛𝑚𝑥𝑟 )

] (14)

The polar (𝜑) component of the gradient force is zero. The scattering part of the optical force has322

only radial and polar components given as follows:323

radial:324

𝑓
(𝑠𝑐)
𝑟 =

2
3
𝑛𝑚

𝑥3
𝑟

𝑥2

𝑅3
𝑝

𝑅3

𝑛2
𝑝 − 𝑛2

𝑚

𝑛2
𝑝 + 2𝑛2

𝑚

sin2𝑙−2 𝜃
(
1 + cos2 𝜃

) 1
𝑗𝑙 (𝑛𝑚𝑥𝑟 ) 𝑗 ′𝑙 (𝑛𝑚𝑥𝑟 ) + 𝑦𝑙 (𝑛𝑚𝑥𝑟 )𝑦′𝑙 (𝑛𝑚𝑥𝑟 )

(15)
polar:325

𝑓
(𝑠𝑐)
𝜑 =

2
3
𝑛2
𝑚

𝑥3
𝑟

𝑥

𝑅3
𝑝

𝑅3

𝑛2
𝑝 − 𝑛2

𝑚

𝑛2
𝑝 + 2𝑛2

𝑚

sin2𝑙−3 𝜃
{𝑙 (1 + sin 𝜃) − cos 2𝜃}

(
𝑗2
𝑙
(𝑛𝑚𝑥) + 𝑦2

𝑙
(𝑛𝑚𝑥)

)
𝑗𝑙 (𝑛𝑚𝑥𝑟 ) 𝑗 ′𝑙 (𝑛𝑚𝑥𝑟 ) + 𝑦𝑙 (𝑛𝑚𝑥𝑟 )𝑦′𝑙 (𝑛𝑚𝑥𝑟 )

(16)
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