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Frequency noise of laser gyros
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Laser gyros are powerful tools to test the predictions of the general theory of relativity. The precision of a
measurement of the rotation rate with a laser gyro is limited by the frequency noise of the beat between
two counterpropagating modes of a ring laser. The frequency noise of a single mode of a laser is limited
by quantum mechanical constraints because it is related to the maximum precision with which the phase
of a coherent state can be measured. If two modes are uncorrelated, the variance of the fluctuations of
the difference of the their frequencies is the sum of the variance of the frequency noise of the two modes.
If two modes are correlated, this result does not hold any longer. In this paper, we show that there are
mechanisms in a laser gyro that are capable to dynamically lock the two modes together without forcing
the two modes to the same frequency. The lock of modes decouples the noise of the beat note from the
frequency noise of the individual modes, and allows the realization of sub-shot noise laser gyros. These
mechanism may explain the recent observation of sub-shot noise performance of the GINGERino laser

gyro recently reported in the literature [1].

http://dx.doi.org/10.1364/a0. XX. XXXXXX

Laser gyros are a powerful tool to test general relativity pre-
dictions [2—4]. They enable a precise measurement of the rotation
rate by measuring the beat of two counterpropagating modes of
a ring laser. The basic idea is that rotation breaks the symmetry
between conterpropagating modes, and the frequency difference
between the two modes is proportional to the rotation rate of
the laser gyro. The precision of the measurement depends on
the frequency stability of the beat note obtained by detecting the
intensity of a coherent combination of the two modes. If the two
modes are independent and of equal power, the variance of the
frequency noise of the beat is twice the variance of the frequency
noise of each individual mode [5-8]. The frequency noise of
each individual mode originates from constraints dictated by
quantum mechanics and in particular from the precision of a
measurement of the phase of a coherent state [5]. The physical
mechanisms that make the laser radiation compliant with these
constraints come for one half from the quantum noise of the
active medium and the other half from the vacuum fluctuations
entering from the output port of the laser [9]. Such noise sources
are responsible for the phase and frequency noise of the laser,
and for the non-zero linewidth of the emitted radiation.

In this paper, we show that a under proper conditions, the
two counterpropagating modes of a laser gyro can lock together
while still maintaining a different frequency. When these con-
ditions are fulfilled, the noise of the frequency of the beat note
decouples to the noise of the individual modes. This result
can be understood by the analogy with mode-locked lasers. In
passively mode-locked lasers, the locking mechanism is asso-
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ciated to pulsed operation. The linewidth of the single line of
the spectrum of the emitted radiation is Lorentzian but the fre-
quency fluctuations are strongly correlated, to the extent that
the spectral purity of the beat note between the spectral lines of
the emitted frequency comb [10] has been exploited for the real-
ization of very accurate clockworks [11]. In ring lasers, locking
of counterpropagating modes is the result of reflections. When
reflections occur from static cavity elements like cavity mirrors,
the two modes locks at the same frequency. When reflections
occurs from the slowly moving grating generated, in a nonlinear
medium with slow response, by the beat of the two counterprop-
agating modes themselves, they tend to stabilize the difference
frequency of the two modes. We speculate that this mechanism
is at work in the best performing laser gyros operating around
the world, when spurious reflections from static cavity elements
are minimized, and that may in particular explain the observa-
tion of sub-shot noise performance of the GINGERino laser gyro
that recently appeared in the literature [1, 12, 13].

One may use these results for investigating the possibility of
alternate laser design where a slow saturable absorber is inserted
in the laser cavity to stabilize the mode beat. Our findings pave
the way for the realization of sub-shot noise laser gyros of un-
precedented accuracy for ultra-precise testing of the predictions
of general relativity.

1. SINGLE MODE CASE

Following the analysis of Yamamoto and Haus [9], let us con-
sider first a single mode of an empty cavity a(t) with bosonic
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commutation relations
[a(t),a*(t)] =1,

coupled to an outside optical wave s, (t) with commutation rela-

(eY)

tions

[sa(t), sy ()] = 6(t = t'). @
The wave reflected from the cavity is given by [9, 14]

1,(t) = —sa(t) + 7a(t). @)

The temporal evolution of the mode a(t) is described by the
differential equation

d:l(tt) _ —%a(t) + /7 sa(t).

Assuming that the outside wave is incident upon the cavity from
a time much longer than 1/ solution of Eq. (3) is

@

t
a(t) = ﬁ[w duexp [—%(t— u)] sq (1), (5)
so that the two-time commutation relations of r,(¢) are
+4r _ Y / t 4 /
[a(),a" ()] = yexp [_E(t_'_t)] /7°odu/7wdu
oxp [ 5 (utu)] [sa(u), sE@)], @
that is
[a(t),a* ()] = exp (f%u - t’\) . @)

consistent with the bosonic commutation rule (1) for t = #'.
The commutation relations of the reflected wave r,(t) are

[ra(t),x ()] = [salt), sE(E)] +fa(t),a* ()]
—v7 ([a(t), ()] + [sa(1),a" (1)]) . ®)

Being

a0 5560 = 7 [ auexp [<2 (-] sa(w), 5100, ©

that is

[a(t), st(t)] = exp [—%(t - t’)] u(t—t), (10)

and also

[sa(t),at ()] = exp [—%(t' - t)] u(t' —t), (11
where u(t) = 1fort > 0, u(t) =0fort < 0and u(0) =1/2, so
that we obtain

[£a(£), 25 (#)] = [sa(), 55 (1), 12)

and hence that the commutation relation of the output optical
wave are the same of the input wave, as it should be.

Let us now assume that a gain medium is inserted into the
cavity (see Fig. 1), which we represent as a statistical mixture of
N two-level atoms. Let us define the operators

N1
o= Z; N(|1><2Dir (13)
where |1) and |2) are the two levels, and
N1
‘TSZZN(|2><2|—\1><1|)1'~ (14)

i=1
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Fig. 1. Representation of the laser cavity. The front mirror is a
partially reflecting mirror with power reflectivity R such that
¥ = (1 = R)/ Tt where Ty is the cavity roundtrip time, whereas
the backward mirror is fully reflecting.

It is easy to show that o_ and o3 obey the commutation relations

(o, ot = —%. (15)
and the anti-commutation
{oc_, 0t} = % (16)
The spontaneous decay of o3 is described by
dUJt(t) = —To_ (1) + <2z§>ms(‘)(t>, 17)
where a noise source s(~) (t) with commutation relation
[s)(1), s ()] = —as(t)d(t - '), (18)
and anti-commutation
(s (1), s ()} =8t~ 1), (19)

is required to preserve the commutation and anti-commutation
relations, as it may be verified for the commutator (and simi-
larly for the anti-commutator) by calculating d[c3(t), o3 (t)] and
using that

s (1)dt, s (1)dE] = —o5(t)dt. (0)
Being o ()2 = 0 we also have s(-)(t)2 = s(-)*(1)2 = 0, and
this completes the characterization of the noise operator. If the
active medium is placed into the cavity that we described above,
the coupling with the cavity mode is described by the equation
for a(t)

da(t) v

e _Ea(t) —igNo_(t) +/vsa(t), 1)

and by the equation for o _

do_(t)
dt

oT 1/2
= —To_(t) +igos(t)a(t) + (ﬁ) s, @2
In the presence of optical pumping with pumping rate R, the
equation for the population inversion n(t) = No3(t) is

dn(f)

ar (23)

—R— % +i2gN [aJr(f)tTf(f) - "i(t)a(t)] ’
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where T is the spontaneous carrier lifetime.
Assuming I' > 1/7, we may neglect in Eq. (22) do—(t)/dt
compared to —I'c—(t). This procedure yields

g 2 1/2 )
and this identity once inserted into the equation for n(t) permits
to adiabatically eliminate o—(¢) in Eqs. (21) and (23), which
become

a > 1/2
R
(25)
n n 2
dd(tt) - R-— g 4%n(i‘) af(Ha(t)

+i2g (2?])1/2 [a’L(t)s(’)(t) - s(’”(t)a(t)} ,(26)

The commutation relations of the noise term in Eq. (25)

1/2
Sa(t) = —ig (2N) sV (E) + /T salt) 27)
[Sa(t), SH(H)] =2 (% - %1) S(t—1t'). (28)
Using
dla(t),a’(t)] = [da(t),a" (t)] + [a(t),da’ (1)] + [da(t),da’ (1)],
(29)
and

2
[da(t),da’ ()] = [Sa()dt, S} (£)dt] = 2 {% - ng(t)} dt, (30)
we may show that the commutation relations (28) imply
d[a(t),a’(t)] = 0, thus ensuring the preservation of the com-
mutation relations for a(f) also in the presence of the interaction
with the gain medium.
Let us now linearize Eqgs. (25) and (26) around the steady
state by setting

(31)
(32)

a(t) =
n(t) =

ag + da(t),
no + 6on(t),

with ag and by c-numbers. The commutation relations for da(t)
are equal to the commutation relations for a(t). The steady state
value of the population inversion is

I

rgz/ (33)

ng =

so that linearization of Egs. (25) and (26) yields

2 1/2
P2~ Canan(t) - ig (3) 0+ v, 60

don(t) _ dn(t) 4g2 2
dt N T r oon(t)
4g?

[5a(t) + (5a+(t)]

_77/10“0

1/2
+i2g (g) a9 {s(_>(t)fs(_)+(t)}. (35)
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where we assumed 4y as real implying the definition of a phase
reference for the field.

Adiabatic elimination of the population inversion in the high
gain regime in which 1/7 <« 4g2a% /T gives

on(t) = ‘T? [5a(t) + 5a+(t)]

r (2N)1/2 1
+ P P p—

2 ao [sH(t) - sH*(t)] . (36)

This equation, inserted into Eq. (34) gives

a a a'
d5dt(f) _ _W/M-Fﬁsa(t)
/ _ —
SO0,

With strong pumping, the medium is fully inverted so that 1y ~
N so that, using Eq. (33) we obtain ¢ = 2n9g?/T ~ 2Ng?/T and
therefore

a a af
dédt(t) _ _7(5 (t) —;5 (1) + T salt)
—i/Y sO() J;s( ") (38)

The equations for the in-phase component da;(t) = [da(t) +
da*(t)]/2 and the in-quadrature component day (t) = [da(t) —
sat(t)]/(2i) are

Pl — ysar() + T80a(0), (39)
and

d‘s‘;( ) _ 7 [s2(0) sV (0)], 40)
where s{ () = [s()(t) + s (0)] /2, 857 (1) = [s() (1) -
U (1)]/(20), 54,1(1) = [sa(t) + 85(1)] /2, and 82 (t) = [sa(t) —

st(1)]/(20).
Solving in the Fourier domain the equation for the in-phase
component (39) we obtain

N ﬁ Sg,1 (w)
day(w) = ~— s e @1
which inserted into the equation for the fluctuations of r, 1 (w)
given by Eq. (3) yields

iwy

(Sru,l ((U) = sa,l (a))

For w < v we have dr, 1 (w) =~ 0[9, 14], whereas for w > vy we
have dr,1(w) = —s,;1(w), so that in this regime the incoming
vacuum fluctuations are reflected from the cavity with a 77 phase
shift, producing a coherent state at output.

Using Eq. (18), and being (03) = 1 for full inversion, we
obtain

(s W) = o), =12, @3
and using Eq. (3)
(si(B)si(t') = ié(t ), =12 (44)
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Equation (40) shows that the diffusion coefficient for the in-
quadrature fluctuations is equal to /2, so that the diffusion
coefficient for the phase fluctuations, defined as

ap
is y
D, = 46
¢ 2‘1(2) (46)
so that the laser line-width is
D Y
Av==2 = . 47
2r 47111% 47

If we use the expression for the output power of the laser P =
'yu%hwo, we obtain the well-known Schawlow-Townes linewidth
formula

2
7 "hawo

Av = . 4
YT Tamp “8

The uncertainty of a frequency measurement over a time T is
wWmeasT = woT + Ap(t +T) — Agp(t), (49)

so that, using ([Ag(t + T) — Ag(t)]?) = Dy T we obtain
Ap(t+T) — Ag(t)]?

pot _ (Bote D) dp) o

T2 2T
where we defined the uncertainty of the frequency measurement
as AWmeas = ((Awmeas>2)l/ 2, Equation (50) can be interpreted
in simple physical terms. The variance of a phase measure-
ment on a coherent state of amplitude ag is Ag?, = 1/(4a3).
Nyquist criterion states that the number of independent mea-
surements that can be performed over a time T on a signal of
correlation time 1/ (see Eq. (42)) is Nmeas = (2T)/(1/7), so
that the variance of the frequency measurement is Awgoh =
(Acpgoh /T?) / Nmeas, which returns Eq. (50) [5].

Using in Eq. (50), the relation that links a% to the output
power of the laser P, namely a% = P/(yhwy), we obtain the
expression
wo th

2PT’
where we defined the cavity quality factor as Q = wy /.

Awmeas = (51)

2. THE LASER GYRO: A TWO-MODE CASE

While the laser linewidth and the precision of a measurement of
the frequency of a single laser mode are prone to strong quantum
mechanical constraints, the frequency difference of two modes
are not. Of course, if two modes are independent the variance
of the fluctuations of the difference frequency is the sum of
the variances of the individual modes. Different is the case
of correlated modes. The case of the beat of two modes of a
mode-locked laser is an example where the beat of two modes
has a precision orders of magnitude larger than the precision
of each individual mode frequency [10]. This property enables
the transfer down to microwave frequencies of extremely stable
optical oscillations and vice versa [11]. It is therefore worth
investigating whether there are any locking mechanisms active
(or can be induced by a suitable design) in laser gyros.

Let us consider a ring laser with two counterpropagating
modes (see Fig. 2), one forward propagating centered a fre-
quency wo + g /2

d';(:) = i Da() - Ta(t) ~gNle_ (e + yisalt), G2

192

Fig. 2. Representation of the ring laser cavity. The front mirror
is a partially reflecting mirror with power reflectivity R such
that y = (1 — R)/ Tt where Ty is the cavity roundtrip time,
whereas other two mirrors are fully reflecting.

and the other backward propagating centered at frequency wp —
/2

db(t)

o — 06 (1) — Tb(e) — igNlo— ()]s + A ss(). (5

Here [0— ()]s and [o—(t)], are the (suitably normalized) spa-
tial Fourier components of ¢_ proportional to exp(ikz) and
exp(—ikz) that couple with the forward and backward propa-
gating waves. The equation for o becomes

do_(t , 2r\ /2

W — ro (1) +igos(t) (alt) +b(6) + (ﬁ) s()(b).
(54)

In the presence of optical pumping with pumping rate R, the

equation for the population inversion n(t) = No3(t) is

dn(t)
dt

- R- % +i2gN[(at () + b (£))r_ (1)
—at (t)(a(t) +b(t))].

where 7 is the spontaneous lifetime.
Adiabatic elimination of o_(t) in Eq. (54) gives

(55)

/
o (t) = i%n(t)(a(t) +b(t) + <;r)1 2s<->(t), (56)

that is, the expected linear dependence of the medium polariza-
tion on the optical field. Inserting Eq. (56) into Egs. (52) and (53)
and projecting o _ (t) over the two counterpropagating modes
gives

a 2
. YURS B SOI M0

1/2
—ig (T) s$ (1) + Tsalt),  (57)
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db(t) _ . v, & db(t 0 : 2
T = P+ |7+ 5] b b0 lgbmﬂgag)ezﬂm(-g+%no)b<t>
aN\"2 ()
—1g( ) SO0+ VTS, 69 sy (6) +vAsu(t). (66)

Here SE) (t) are the result of the projection of the noise term

s(=)(t) over the spatial mode profile exp(ikz) and exp(—ikz).
Local multiplication by exp(=+ikz) generates two independent
noise terms with the same commutation properties of s(=) (t). As
a check, it may be verified that, if s;—b) (t) obey the commutation
rule (18), Egs. (57) and (58) preserve the bosonic commutation
rules of the two modes. Entering Eq. (56) into Eq. (55) and
expanding the product of the mode amplitudes yields

=R -2 A ) atDa(e) + b (0B
at ()b(t )+b*( ta(t)]

1/2
-HZg( )
= (B)(a(t) +b(1))].

Being () < 1/7, we may assume that n(t) adiabatically follows
the modulation frequency, so that the steady state of n is

R

n(t) = 1/ + (482/T) (|ag|? + |bo|? + afboe’t + agbje—" ot

(60)
The the terms ajbg and agb; account for a gain grating that is
generated by the beat of the two counterpropagating modes over
the gain medium. The nature of this grating may be understood
by considering that the two counterpropagating modes collide
over the active medium and generate the intensity pattern

I(z,t) = ikz)|?, (61)

where A and B are the amplitudes of the forward and back-
ward propagating modes at the position of the gain medium.
Expanding the expression of the intensity, we obtain

4%

() + b (1)s (1)

(59)

|Aexp(—iQot/2 + ikz) + Bexp(iQpt/2 —

I(z,t) = |A]*+ |B]> + AB* exp(—iQqt + 2ikz)
+A*Bexp(iQot — 2ikz). (62)
The grating moves at the speed Qg / (2k) = (f1 — f2)A/2, in the

GINGERino case [15, 16] about 89 microns per second.

In a gas laser, the amplitude of the grating tends to be attenu-
ated by diffusion, so that we may expand to first order the above
expression

agboe’QDt 4 aobsefzﬁot

63
U+ 4g/T) (P 1P| &

n(t)=mny [1-¢

where
R

1/7+ (48%/T) (|ao|* + [bo[*)”
and where ¢ < 1is a factor accounting for the reduction of the
grating amplitude caused by diffusion of the active atoms.

Similarly to the single mode case, the phase fluctuations are
independent of the fluctuations of the carrier, so that n(t) can be
replaced by its steady state value ng

B = i) e @+ (-2 S alt)

dt 2 2T
')+ Vrsa®),

(64)

ng =

4 Sa (65)

252

253
254

255

where we used v = 2¢?ny /T and assumed full inversion so that
N ~ ng, and we defined
%ng gagb;

_ , 67
Ks T 1/t+ (482/T) (|ag|*> + |bo]?) ©

The term x,, proportional to agb; couples the backward prop-
agating mode to the forward propagating mode, because the
spatial modulation proportional to exp(2ikz) promotes phase
matching between the backward propagating wave, with spa-
tial dependence exp(—ikz), and the forward propagating wave,
with spatial dependence exp(ikz). By a similar mechanism, the
term xg, proportional to a5bg couples the forward propagating
mode to the backward propagating mode.

Reflections may also occur from various optical elements in
the optical cavity, primarily from cavity mirrors. In this case,
however, reflections do not change the frequency of the field. In-
cluding this process into Egs. (65) and (66) by an extra backscat-
tering coefficient x;, they become

da(t) .Q()

;0 —iQot
. - 5 a(t) + (ng 0 +Km> b(t)

Ysi (1) + v/ salt), (68)

- i%b(tw (rge®" +x; ) a(t)

+ <—% + %no) b(t) —

These equations are linear in the fields. So, a meaningful anal-
ysis can be performed assuming classical fields, with noise
sources whose strength are dictated by quantum mechanics.
Considering only the deterministic part and defining Ag =
—y +2¢%ng/T, ag = |ag|exp(iga), by = |bo|exp(igy), kg =
kg exp(iqg) and kg = |1 exp(zq)m) we obtam

Ty () + VA sy (1)- (69)

de |bo :
dta — 0 Wﬂkg\sm(gob—q)a—&—(pg—ﬂot)
+|Km| sin(@p — @a + om)], (70)
doy Qo Jag
G T 2 ‘[|Kg|5m(§0b_€0ﬂ+§0g_00t)
+|Km| sin(@p — @a + @um)]. (71)

We also have

d‘;t()' - %\‘ZM + [bol [|cg| cos(@p — @a + @g — Qot)
+icm| cos(@p — @a + Pm)], 72)

% = %“’0\ + [a| [|xg| cos(@p — @a + pg — Qot)
+1cm| cos(@p — @a + @m)]- (73)

These equations admit stable stationary solutions when either
|k¢| or || is predominant, so that the other can be neglected.
Let us consider these two cases separately.
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A. Scattering due to mirrors is predominant 202 and also
This case corresponds to kg = 0. In this case, defining Ap = dla A
@a — 9p — @ We obtain Lf' = Tg\a0| + |xg||bo| cos(Ag), (83)
dAg |bol , laol) dlbo| _ Ag
T = Og — |Kkm] (ﬁ + b0l sin(Ag). (74) G 7“’0‘ + [xgl[ao| cos(Ag). (84)
and also 203 Steady state is achieved for |ag| = |by|, Ag = —2|k¢|cos(Ag)
24 and for values of Ap = 0 and Ag = 7. Of the two solutions, only
dlaol - _ §|a0| + [Km||Bo]| cos(Ag), (75) 2 Ag@ = 0 is stable because Ag = —2[xg|cos(Ag) < 0. This con-
|dt | 2 206 dition correspond to a locking of the two modes at a difference
d|bg Ag 207 frequency )
L = 2 Ag). 76 quency % %-
dt 2 1Bol + [rimaol cos(Ag) 76) 208 Linearization of Eq. (82) about the steady state A¢’ = 0 (and

Of course, if |k, | is negligible Ap = Qpt. However, two steady
state solutions with a time-independent value of Ag exist if
Qo < 2|ky|. This steady state corresponds to two counterpropa-
gating modes with the same frequency and locked phase, and is
achieved for |ag| = |bo|, Ag = —2|km| cos(A¢@) and for values of
Qg such that

Qg = 2|k | sin(Ag). 77

Of the two solutions, only that with Ag = —2|x,,| cos(Ag) < 0
is stable. The maximum value of )y compatible with this steady
state solution is Qjock—in = 2|%m|.

Locking at a zero difference frequency should be avoided in
the proper operation of a laser gyro. The value of |x;,| can be
estimated from the frequency fiock —in = Qock_in/ (277) reported
for operating laser gyros in Table II of ref. [4], which ranges from
8 to 240 mHz.

When the locking condition is established, then the two
modes of equal frequency produce in the gain medium a static
standing grating, and the reflection from this grating further
stabilize the locking state. The effect in a laser gyro of reflections
from a standing gain and index grating was described in [2].

B. Scattering due to gain is predominant

This case corresponds to set x;,, = 0 in Egs. (68) and (69), and is
more conveniently studied by frequency shifting a(t) by —Qg/2
and a(t) by Q9/2 by

a'(t)
b'(t)

(78)
(79

a(t) exp(iQot/2),
b(t) exp(—iQpt/2),
so that the transformed field a’(¢) is centered at frequency wy —

/2 and b’(t) around wy + /2. The new fields obey the
following equations:

da/(t) _ / Y 82 ’
T = xgb'(t) + {—E + ?n(t)] a'(t)
[ T (1) + VT salt )} J0t/2 ()
/ 2
PO~ g+ H +Enln)] bty

)+ asyn] e B2 s

The transformations (78) and (79) allow us to define independent
phase references for the two modes. Defining A¢" = ¢} — ¢} —
¢g, where @ and — ¢ are the phases of the frequency shifted
fields, corresponding to A¢' = @, — @) — @g + Qpt in terms of
the phases of the original fields, we obtain

|bo| \ﬂ0|>. /
— — 4+ — | sin(Ag").
sl (fag * o) S89)

’Ysb

dA(p

ar (82)

299

301

302

308

309

311

312

313

removing the prime for simplicity of notation) gives

dAg

T —2|x|Ag.

(85)

This equation can be extended to the quantum domain defining
Ag = éaly/ag — 6bs /by and adding the proper noise terms as

dAg
where
s = LL[sba) 0+ su(0)] 72
—‘Z{—j (4, (8) +spa(n)] T2 @7)

The frequency shift of the two independent white noise terms
in the two lines of Eq. (87) has no effect on their statistical
properties, and can be neglected. Solution of Eq. (87) shows
that Ap has a Lorentzian spectrum. The phase noise Ag is a
stationary process with power spectrum

7Y hwy

P(w? 1 dlxg)’ (88)

WA(p(w) =

corresponding to the following auto-correlation function of the
phase fluctuations

Y2 hwy

4P|, | (89)

(Bo(t+1)Dgp(t)) =

exp (—2|xg||T]).

Here, we assumed once again full inversion (03) = 1. The power
spectrum of the (angular) frequency fluctuations is therefore

Y2hwy w?

. 90
P w?+4fig|? ©0)

WAwmeas ((U) =

The uncertainty of a frequency measurement performed over a
time T is

WmeasT = woT + Ap(t + T) — Ag(t), 91)

so that, using that (Ag?) = 2((t)) — 2(A¢(t + T)A¢(t)), the
uncertainty in a frequency measurement defined like in Eq. (50),
is

2
2 Y hw
AW s = 72PT2|1<g| [1—exp (—2[Kg|T)], 92)
that is, using vy = wp/Q,
hwy |1 —exp (—2xg|T)
A = )
Wmeas Q \j PT |: 2|Kg|T (93)
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In the limit |x¢|T — 0 we obtain

_ @ [hwo
=V pr’ \Kg|T—>0,

that is, the known result for independent modes and V2 times
bigger than the frequency uncertainty of a single mode given by
Eq. (51) [5], whereas for |x¢|T > 1 we have

Awmeas 94)

wo hwo

ﬁ 2P|Kg|' (95)

Awmeas = |Kg‘T > 1.

The Allan variance can be easily calculated from the autocorrela-
tion function as

7Y hawy

96
4P|k, |T2 ©6)

of = [3 —dexp (—2|xg|T) + exp (—4xg|T)] .

For |Kg |T — 0 we obtain the Allan variance for unlocked modes,
corresponding to white frequency noise

7*hw

T 97)

2
or =

|xg|T — 0,
whereas for |k¢|T > 1 the Allan variance of white phase noise

21
0,%: 37 hwy

, 98
4P|ig T2 ©8)

kg T > 1.

3. CONCLUSIONS

In the absence of locking, the two modes fluctuate independently
and their phase difference undertakes free diffusion. The effect
of the gain grating is to lock the relative phase of the two modes.
While free diffusion of the individual modes is not affected, the
relative phase diffusion is suppressed. Mathematically, this is
the result of the appearance of a restoring force in the dynamical
equation for the phase difference. This effectively suppresses
the effect of the quantum noise on the phase difference between
the two modes, stabilizing the difference frequency of the laser
gyro.

This scenario is very similar to the mode-locked laser case
[10], where the linewidths of the individual lines of the fre-
quency comb have a Lorentzian shape with the Schawlow-
Townes linewidth corresponding to the total intracavity power,
whereas the linewidth of the beat is delta-like if repetition rate of
the laser is locked to an external microwave source by a feedback
loop acting upon the cavity length [10]. This property is used in
the realization of clockworks based on optical transitions using
phase stabilized mode-locked lasers [11].

In a conventional laser, the mode spacing is determined by
the cavity geometry, namely by the roundtrip time. In a laser
gyro, the spacing between the two couterpropagating modes is
determined by the cavity geometry and by the rotation rate of
the gyro, which produces an effective roundtrip time difference
between the two modes. In the absence of locking, in both cases,
the instantaneous frequency difference between two modes is
affected by the independent phase diffusion of the two modes.

The modes of a laser may lock together when the locked con-
figuration requires lower energy than the unlocked one. This
is the case of passively mode-locked lasers, where the locked
configuration corresponds to a pulsed operation, with pulses
energetically preferred because of the presence of a saturable
absorbing action within the laser cavity. In the case of a laser
gyro where reflection from a dynamical gain (or index) grating
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occurs, the configuration in which the two modes are locked re-
quires less gain because of the constructive interference with the
component of the opposite propagating mode reflected from the
gain grating. In the case of mode-locked lasers, the mode beat
has a residual linewidth because frequency noise, also originated
by the spontaneous emission and hence of quantum origin, cou-
ples to the pulse timing via the intracavity dispersion, inducing
a timing jitter that perturbs the ideal periodicity of the pulse
train [10]. If timing jitter is controlled, like in the case of active
mode locking, the individual lines of the frequency comb have a
linewidth that depends on the stability of the intracavity optical
modulator.

In laser gyros where spurious reflections from the mirrors
are minimized, dynamic locking of the two counterpropagat-
ing modes is caused by a dynamic gain grating that control the
fast fluctuations induced by the spontaneous emission. Like in
passively mode-locked lasers, the locking does not prevent the
possibility that the mode beat follows the dynamic change of the
mode spacing, if this change occurs over a time scale longer than
the lifetime of the grating, which is related to the excited state
lifetime of the active medium. The locking mechanism may be re-
sponsible for the recently observed sub-shot-noise performance
of the GINGERIino laser gyro [1, 12, 13]. We may speculate that
locking of non-degenerate modes may also be stabilized by a
suitable design of the laser, adding for instance a slow saturable
absorber into the laser cavity, or by a feedback loop with a long
integration time acting upon the cavity roundtrip time to sta-
bilize the beat frequency between the two counterpropagating
modes.
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Supplementary material: Frequency noise of laser gyros
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This note provides additional information to supplement the study of Ref. [1]. Specifically, it presents
a comprehensive derivation of the power spectra for the amplitude and phase fluctuations of the output
radiation emitted by the two counter-propagating modes of a laser gyro in the phase-locked regime. The
derivation involves solving the linearized equations for the quantum operators that describe the laser
dynamics, supplemented with the appropriate quantum noise terms.

http://dx.doi.org/10.1364/a0. XX. XXXXXX

In this note, we give a detailed derivation of the results of
[1], by solving the linearized equations describing the two coun-
terpropagating modes for the operators that characterize the
laser dynamics, which include the noise operators required to
preserve the commutation relations. We will consider only the
situation in which locking is caused by the coupling induced
by the back-reflection from the gain medium and occurs with a
difference frequency )y between the two modes. We will give
the expression for the spectra of the phase and the amplitude of
the two modes and of their correlations when the laser operates
in this regime.

We will use the annihilation operators a(t) and b(t) to rep-
resent the amplitudes of the two modes centered at frequency
wy — /2 and wy + Qp/2, where wy is the optical frequency.
These modes correspond to the primed operators a’(t) and b’ ()
used in the main text. In addition, we redefine s, (t)eiQOt/ 2

sa(t), sp(t)e ™ Nt/2 s gy (1), s\ (t)elt/2 sy st(;) (t) and
sl(;) (t)e=Qot/2 -y sl(; (t), with the new noise terms having the
same statistical properties of the original terms. The equations
for the amplitude of the two modes are then [1]

a 2
dd(tt) = xeb(t) + [—% + g?n(t)} a(t)
1/2
g () S0 I, @
2
d‘;i(tt) = xga(t) + {—% + g?n(t)] b(t)

_[2N\?%
—zg(T) SN+ vIsl. @

These equations can be simplified by setting kg = k¢ |e!?s and
defining b(t) = b/(t)e™"?s/2 and a(t) = a’(t)e'?s/?. In terms of
the new phase shifted fields, the coupling coefficient is real and
positive, so that Egs. (1) and (2) can be rewritten, dropping the
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primes for convenience of notation, as

dz(tt) = Keb(t)+ [—%+g;n(t)} a(t)
1/2
i (2) s v, o
2
B~ an + {f%+%n(t)}b(t>

’ N 1/2 _
—ig (T) s +vas(). @
The coupling of the two modes through a gain grating is non
hermitian. As a consequence, the spatial components of the
material polarization that couple with the two counterpropa-
gating modes mix, resulting in a statistical dependence of the

corresponding noise terms s\ and s(f), which in absence of
coupling are independent. The mixing of the noise terms can
be quantified if we require the preservation of the commutation
rules [a,b+] = 0, which signify the independence of the two
modes. This requirement is satisfied if

2Ng?
r

The commutation relations alone do not specify the correlations

of the noise operators. However, we notice that the noise sources
(=)

st 1)y ()] = —2xg(t — 1), )

of the material polarization are creation operators so that s
and séf) when applied on the left, and i7" and s}(;ﬁ when
applied on the right, to the state of a fully inverted gain medium
should give zero. These conditions, combined with the commu-

tation relations (5), give

s sy = o, ®)
()t () _ K ’

(s s 0y = gt = ), @
sy = o, ®)
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:
s ws Ty = o (9) 7 we obtain
Thi1 ec;:l)atlon for the c:;‘ler zuzmber is [1] d C(‘j"t(t) _ f;r (a0 -+ by) én(D)
n n
e %n(t) [a+(t)a(t) +b+(t)b(t)]
o 172 V72 [sa(t) + 53,(1)
. 2N - - ) _ _
+i2g (T) [af(H)si ) (8) + b (1)s) (1) —in/(y —2x0) /2 [sfZ () + s )(t)] . (20)
)t )t de_(t
SsM al) — st b)), (10) ¢ dt() = —2xge (D) + V72 [8a(t) — sp(1)]
We did not include in the equation for the carrier number the . _ _
i q —iJ(r =272 [s7 (1) -5 (1] . @D
dAn(t 4¢? ; ;
clllt( ) =— %n(t) [aJr(t)b(t)elQUt + b+(t)a(t)eflo"t} , (1) 7 If we define now the noise operators
responsible for the coupling between the two modes because sa(t) + sp (1)
An(f) has been implicitly considered in Egs. (1) and (2) through s+(t) = %, (22)
the coefficient x¢ and, in the analysis that follows, we will take 2
into consideration the saturation of this term and its influence s_(t) = sa(t) —sp(t)
on the laser dynamics with arguments based on conservation V2 ’
laws. — (-) (=)
If we define ) SS:)(t) _ [y —2Kg Sg (t):/r;b (t)/ 23)
2g Y
Ag = — - 12
ST 12 v —2g s\ (8) = s (1)
where we have set n = ng 4 dn with n is the steady state value s(__) t) = 8 24 b , (24)
of n, the condition for steady state of Egs. (3) and (4) is v —aKg V2

; A
Kglbole™? + Eag] = 0, (13)

elaole 20 1+ 81| = o, (14)
where we defined ay = |agle??, by = |bp|e!?, and Ap =
@a — @p. Steady state is achieved for the two modes with
equal amplitudes |ag| = |bg|, for xgsin(Ap) = 0 and for
Ag = —2xKgcos(Ag). Of the two possible solutions Ap = 0
and Ag = 7, only the one with Ag < 0 is stable. In the follow-
ing, we will assume without loss of generality that the phase
reference for the two modes is chosen such that ag and by are
real, so that ¢, = @, = 0.

Using y = 2¢%ny/T — Ag and assuming full inversion 1 ~
N and that at steady state x, = —Ag/2, and defining a = ag + da
and b = by + b, the equations for the displacements of the
mode amplitudes become

déa(t A ’
gt( ) _ KgSb () + Tgéa(t) + g?ﬂofsn(t)
_imsﬁ‘)(t) +Vrsalt),  (5)
déb (¢ A ’
dt( ) _ Kgbal(t) + Tgéb(t) + %5051’1“)
—ifr =25, (0 + VTs(h).  a6)

The correlation of the noise sources for the gain material are
given by Egs. (6)-(9) where, using 2¢’N /T = 7 + Ag = 7 — 2Ky,
Eq. (7) becomes

a7

Using that at steady state ag = by and defining the two uncou-
pled eigenmodes of the system (also known as supermodes)

el — (5a(t)\—/&—§(5b(t)’
sa(t) — 5b(t)

c(t) = T,

(18)

(19
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and use 2¢%ny /T = v — 21 the above equations become

dey (8) 1 ag + bo on(t)

@ - 2T s
V7 [_is(ﬁ(t) + s+(t)] ) (25)
dc(;t(t) = —2Kge_(t) —iy/y — 4Ky s (t) +/rs—(t).
(26)

It may easily be verified that the new noise operators are inde-
pendent

s (s () =0, 27)

s+(Dss (1) = s (s (1) =0, (28)

and have, for full inversion (03) = 1 and y > 2Kg, the same
commutation relations of the equivalent uncoupled operators,

s s () =o(t— 1), (29)

s s =T s () = s s ) = 0. o)y

The commutation relations of c4 (t) are [cx(t),ck(t)] = 1. Tt
is easy to verify that d[c(t),c} ()] = 0 so that Eq. (25) and
(26) preserve the commutation relations. Defining the two
quadratures for a generic operator ¢; = (dc + dct)/2 and
¢ = (8¢ — dct)/(2i), we obtain

de_(t -
CC{i( ) _ —2xgc_p(t) 4+ /rs_a(t) — \/7—74’%5(7,1)(”'
(1)
de_(t y
S e () + Fsalt) 4y — )0,
(32)
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The equation for the fluctuations of the carriers is

don(t) _ on(t) 4¢* 5 o

G = oo (@ bg)en()
8g2
— "0 [a0da1 (£) + bodby (£)]

1/2
—4g <¥> (0852 (5) + bosy, (1)] - 33)
This equation however does not include the effect of the de-
pletion of the carriers that generate the gain grating, whose
dynamics is described by Eq. (11). Instead of constructing a
model to describe the formation of the gain grating and its inter-
action with the two counterpropagating modes, which would
necessitate making assumptions about the complex physics of
the laser that are challenging to evaluate, like for instance the
carrier diffusion attenuating the grating amplitude, we choose
to introduce a term that account for this effect without a formal
derivation, relying on the principle that each photon is gener-
ated through the decay of one carrier. To this aim, we notice
that the coupling induced by the gain grating produces a rate of
photon production

d (aJra + b+b) (34)

dt

and therefore the change of carrier number caused by fluctua-
tions of aand b is

= 2Kq (b+a + aer),

coupling

(dﬂ) — —4rg [a0(db + 0b%) + by (62 + 6a") |, (39)
dt coupling

where we used that ap and by are real. Equation (33) supple-
mented with the coupling the term (35) becomes

dén(t on(t)  4g°
dt() - _T( ) — = (a + bd)em(t)
8¢?
— "0 [a0dai (£) + bodb (£)]

—8kg [agdb1(t) + boday (t)]

aN\Y2r -
~ag (2) 7 [oost 0+ s 0] 09

Using now once again our assumption of full inversion 1y = N,
we can replace 2¢°N /T =y — 2K¢ and therefore

W~ O a2 @+ 1)
—4(y — 2xg) [agday (t) + bodby (t)]

—8Kg [ﬂoébl(t) + boﬁal(t)]

—4 /[y — 2k [aos§j> (t) + bos, (t)] . @7

Assuming strong saturation and neglecting spontaneous emis-
sion compared to stimulated emission, we may assume that the
carriers adiabatically follow the field fluctuations, so that we
obtain

on(t)
1o

on(t)

2
T2 [agday (t) + bodby ()]
0155

4x
T (7 —2xg) (gag gy (odan (D) a0l (1)
_ 2 [ﬂOS(_)(t) + bosl(;,_)(t)] . (38)

\/'y—ZKg(a%—&—b%) a
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Entering this expression into Eq. (25) yields

deg (¢ v —2Kk¢)(ag + b
s - L g )+ (1)
0%
2K¢(ag + bg)
—% [boday (t) + agdbi (t)]
(v — 2x¢) (ao + bo) _ _
Y Ty [0 (8) + bos} ;) ()]
0%
—iys T (6) + Vs (b). (39)
Using the steady state condition 2y = by we obtain
dey(t
0= e
—V7 [s(gg(t) +ist (1) — s+(t)] . (0)

The in-phase and in-quadrature components obey the equations

dc t
S _ e+ VAsal, @D
dc _
=2 = 7 [sead s )] 42)
Defining the Fourier transform as
clw)= [ d—j;exp(—iwt)c(t), (43)

we may readily solve Egs. (31), (32), (41) and (42) in the Fourier
domain as

_ VAs-a(w) + /7~ s ()

e-n(w) —icw + 21 oW
¢ p(w) = ﬁs#(w):iw : 2;; KgS(:’l)(w), 45)
coa(@) = = sia(@) 6)
ea(@) =~ o 2(w) ~ () (@)]. @)

Let us first analyze the fluctuations of the phases of the intracav-
ity modes, which are the quantities analyzed in the main text.
Being the output radiation in a vacuum state, we have

(s (B)si(t)) = 30— 1), i=12 @8)
In addition, Egs. (27)-(30) imply
(s mst) () = ié(t —¥), i=1,2, 49)
so that Eq. (44) yields
(c,,l(w)ct,l(w/)) _ T 2116(w — '), (50)

2 (w? + 43)

The fluctuations of the difference of the phases of the emitted
radiation are the difference between the fluctuations of the in-
quadrature components of the intracavity mode amplitude di-
vided by the average mode amplitude ay = by = /P/ (yhwy)
where P is the average output power per mode, that is Ap =
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VYhw /P [v2¢_ 1(w)] so that the spectrum of the fluctuations
of the phase difference is

gy (y — 4xg)

(Ap(w) At (') = 26(w—w'),  (51)

which is the result given in the main text [1], with a small cor-
rection arising from the fact that the analysis presented here
accounted for the non-hermiticity of the mode coupling. Notice
that the term 2716 (w — w’) appearing here and in all other spec-
tra can be removed by integration over frequency f' = w'/(27).
This procedure returns for any given spectrum (x(w)x(w’)) the
Fourier transform of (x(t)x(0)), that is, if x(¢) is a stationary
process, the power spectrum of x(t).
The amplitude of the emitted radiation is given by

1q(t) —sa(t) +/ra(t), (52)
rb(t) = —Sb(t) + ﬁb(t), (53)
so that defining
re (1) = 5 [ma(t) £ 1,(0)], (50
we obtain for the fluctuations
ore, (1) —=s4 () + /71 er(t), (55)
Ore (f) = —s_(t)+/re_(t). (56)

The quadratures of the emitted radiation are readily obtained
entering Eqs. (44)—(47) into Egs. (55) and (56)

rs_1(w) + /(7 — 4xg) s F (w)

bt alw) = Voo, s a(),
(57)

vs-a(w) —y/r(r —4xg) ") (w)
o a(w) = —iw + 2iq , —s-a(w),
(58)
ot 1 (w) = _1;617 +1(w), (59)
ore,plw) = —-= {s+2(w)fs(4r_/1)(w)]fs+,2(w) (60)

As a consistency check, using that

(s2(@), 51 (@) = [sw2(@),sho(@)] =0, 6D
[s41(w),sk,(w)] = 1 276 (w — "], (62)
sC1 s @)l =550 s @l =0, 63)
5,500 @] = § o — )], (64

one may show right away that
08, 1), 0871 (@)] = [6re. 2(), 08! 2(@)] =0, (65)
e 1(@),0tfp()] = § o)), (69

so that the above equations correctly describe supermodes that
are independent waves with bosonic commutation rules.
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149

186

Using once again the correlation functions of the noise terms
(61)—(64) we obtain

1| 29(y —4xg)
<5rc,,2(w)5rg,,2(w/)> =1 [a)z—l—41c§+1 28 (w — '),
(67)
6t 2(@)ort S@)) = (22 41) 2w —o'). (69
C+r2 C+,2 4 CUZ .

The fluctuations of the difference of the phases of the emit-
ted radiation Ag, . (w) is the difference of the fluctuations of
the in-quadrature components divided by the amplitude of the

output per mode in photon units \/P/ (fiwp), that is Ag,, =
Vhwy /P [v/26xr,_ 5] so that the spectrum of the phase difference
is (APt (W) Al (W) = 2(hewo/ P) (81, o(w)or! ,(w')), that
is

_ g

<A(Pout(w)A(Pgut(wl)> - P 2715(“} - w/)'

{27(7 —dxg)

2 2
w -|-4Kg

(69)
The spectra of the phase fluctuations of the beat between the
intracavity fields Eq. (51) and that of the output waves Eq.
(69) differ primarily in the region w > <y, where the spectrum
of the emitted radiation follows the phase fluctuations of the
vacuum reflected from the cavity and the variance of the phase
fluctuations of the beat are the sum of the variances of the phase
fluctuations of two coherent states.

If we define @, = 01,5/a9 and ¢, = o1y, 5 /by as the deviation
of the phases of the emitted radiation from the steady state and
use that g = by we obtain (@, (w)g!(«)) = (p,(w)g](w'))
with

toony = Mo [r? | r(r—4Kg) W
(p(wW)ga (@) = S5 5 + e +1]278(w — '),
(70)
" _hawo [7* v(y —4Kg)

Three spectral regions are present. In the locking region |w| <
2K, the phase fluctuations of the two modes are fully correlated
with (@, (w)p! (w')) ~ (p,(w)@}(w')). In this spectral region,
the variance of the phase fluctuations of each mode is one half
of the free-running phase fluctuations of independent modes
with the same output power and, similarly to the mode-locking
case [2, 3], equal to the phase fluctuations of a single mode
whose power is equal to the total power emitted by the laser.
For 2x, < |w| < 1, the two modes are unlocked and the phase
fluctuations are the same of two free running modes of a laser
which follow the Schawlow-Townes formula. For |w]| > 7 the
phase fluctuations are those of a radiation in a coherent state,
as expected because they are the shot-noise fluctuations of the
vacuum field reflected by the laser cavity outside its frequency
cutoff. The expressions of the frequency noise spectra of the
mode beat and of the two counterpropagating mode can be
readily obtained multiplying by w? the corresponding phase
noise spectra.
Let us now analyze the amplitude fluctuations. We have

2
+ _ w
<(5rC+’1(a))(5rC+/1 (“)/)> = mzﬂé(w - w'), (72)
1| 29(y —4xg)
t / _ g ’
<(51‘CH1(LU)51'67/1((U )) = Z |:(,¢]2—|—4K§ +1 27'[5(&) —w ),

(73)
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and consequently <(5ra,1(a))(5r;1(w')> = (01, (w)&r;;,l (w')) and

1| 29(y —4xg) 7
+ "y o & 8/ _

(0101 (@)org 1 (w7)) = 8 { w? +4K§ w? + 42 2

28 (w — '), (74)
1|29 (y —4xg) 7

(5 (5 t !/ — _ - g

( ra,l(w) rb/l(a} )) 8 [ w2+4K§ w2+ 2
28 (w — ). (75)

For |w| < 7, similarly to the amplitude squeezing of the radi-
ation emitted from the laser when pump fluctuations are sup-
pressed [4, 5], the fluctuations of the sum of the amplitudes of
the two modes (the fluctuations of the amplitude of the super-
mode) are below the quantum noise limit (sub-Poissonian) and
zero at w = 0. The amplitudes of the two modes are locked, with
a finite variance, for w < 2xg, and their fluctuations are corre-
lated. For 2k < |w| < v, the two modes are unlocked and their
amplitudes experience partition noise, while the fluctuations of
the sum of their amplitude are still suppressed. For |w| > 7,
above the cutoff introduced by the laser cavity, the amplitude
fluctuations are those of a radiation in a coherent state, because
they are those of the vacuum state reflected from the cavity.

It is interesting to discuss the autocorrelation function of the
phase fluctuations of the beat of the output fields. Let us suppose
that the measurement is performed with a finite bandwidth B,
by assuming an ideal square low-pass filter of bandwidth B with
a flat unit response for |w|/(27t) < B/2 and zero outside. This
situation describes, for instance, an ideal measurement with a
sampling period Tgmpling = 1/B. Then, integration over w'
in the two-dimensional inverse Fourier transform of Eq. (69)
produces a result that depends only on T = ' — t. For B > 2k,
we may neglect the effect of frequency filtering on the first term
by approximating, in the convolution with this term, the sinc
generated by the spectral filtering with a Dirac delta function.
After doing so, another inverse Fourier transformation with
respect to w produces

_ hﬂ {77(7 _ 4Kg) exp (72KQT)

<Aq‘7out(t+ T)A(Pout(t)> - op ZKS

+B (76)

sin (71BT)
nBT |

The sinc appearing in this expression represents the effect of
the filtered vacuum noise reflected from the laser cavity or, in
a semiclassical language, the shot noise of the detection. Using
now Eq. (76) in the expression for the Allan variance in terms of
the time autocorrelation function

B = BlAu(2) 4 (Dt T) AR (1)

+ <A(Pout(t + ZT)A(Pout(t)>]’

and assuming that T is a multiple of the sampling period if the
filtering is the effect of sampling, or in general that T > 1/B,
we obtain

(77)

hewy [ (y —4xg)
2 _ 0 8
0t = opra { 2 [3—4exp (—2i,T)

+exp (—4x,T) | + 33] : (78)
For kT > 1 we have

3hewy [7(y —4Kg)
2 0 8
= . 7
0T = >p72 { 2 +B 79
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The term proportional to B is the effect that extends to long T
of the high frequency portion of the vacuum noise fluctuations
reflected by the laser and coherently added to the emitted light
beams. This contribution is negligible for B < «y(y —4x) / (2xg).
Equations (78) and (79) are the same expressions given in the
main text, with the addition of the shot noise contribution and
with a small correction arising from the interference between the
emitted radiation and the vacuum field reflected from the cavity.
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